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Abstract 

A path in an edge-colored graph G, where adjacent edges may be colored the 
same, is called a rainbow path if no two edges of G are colored the same. For a 
K-connected graph G and an integer k with 1 < A; < the rainbow A;-connectivity 
rck{G) of G is defined as the minimum integer j for which there exists a j-edge- 
coloring of G such that every two distinct vertices of G are connected by k internally 
disjoint rainbow paths. Let G be a complete {i + l)-partite graph with i parts of 
size r and one part of size p where < p < r (in the case p = 0, G is a complete 
^-partite graph with each part of size r). This paper is to investigate the rainbow 
/^-connectivity of G. We show that for every pair of integers k > 2 and r > 1, there 
is an integer f{k,r) such that if i > f{k,r), then rck{G) = 2. As a consequence, 
we improve the upper bound of f{k) from {k + 1)^ to ck^ -\- C, where < c < 1, 

3 

G = o{k2), and f{k) is the integer such that if n > f{k) then rck{Kn) = 2. 
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1 Introduction 

All graphs considered in this paper are simple, finite and undirected. Let G be a 
nontrivial connected graph with an edge coloring c : E{G) {1, 2, ■ ■ ■ , k}, A; G N, where 
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adjacent edges may be colored the same. A path of G is called rainbow if no two edges of 
it are colored the same. An edge colored graph G is said to be rainbow connected if for 
any two vertices of G there is a rainbow path of G connecting them. Clearly, if a graph is 
rainbow connected, it must be connected. Conversely, any connected graph has a trivial 
edge coloring that makes it rainbow connected, i.e., the coloring such that each edge has 
a distinct color. Thus, Chartrand et al. [2] defined the rainbow connection number of a 
connected graph G, denoted by rc(G'), as the smallest number of colors by using which 
there is an edge coloring of G such that G is rainbow connected. 

Suppose that G is a ^-connected graph with k > 1. It then follows from a well-known 
theorem of Whitney that for every integer k with 1 < k < k and every two distinct 
vertices u and v of G, the graph G contains k internally disjoint u — v paths. Chartrand 
et al. [2] defined the rainbow k- connectivity rck{G) of G to be the minimum integer j 
for which there exists a j-edge-coloring of G such that for every two distinct vertices u 
and V of G, there exist at least k internally disjoint u — v rainbow paths. Thus by the 
definition, rci(G) = rc{G) is the rainbow connection number of G. By coloring the edges 
of G with distinct colors, we see that every two vertices of G are connected by k internally 
disjoint rainbow paths and that rck{G) is defined for every integer k with 1 < k < k. 
Furthermore, rCk{G) < rCj{G) for 1 < k < j < k. 

The concept of rainbow /c-connectivity has applications in communication networks. 
For details we refer to [2] and [3]. 

In [2j, Chartrand et al. studied the rainbow /^-connectivity of the complete graph 
Kn for various pairs /c, n of integers. It was shown in [2J that for every integer k > 2, 
there exists an integer f{k) such that rCk{Kn) = 2 for every integer n > f{k). They also 
investigated the rainbow /^-connectivity of r-regular complete bipartite graphs for some 
pairs k, r of integers with 2 < k < r, and they showed that for every integer k > 2, there 
exists an integer r such that rck{Kr^r) = 3. 

This paper is to continue their investigation. We improve the upper bound of f{k) 
from {k + 1)^ to c/ct + C (here < c < 1 and C = o{k^)), i.e., from 0{k'^) to 0{k^), a 
considerable improvement. For notations and terminology not defined here, we refer to 

[IJ- 

2 Main Results 

In [2] the following result was obtained. 



Theorem 2.1 (^2]) For every integer k > 2, there exists an integer f{k) such that if 
n > f{k), then rCk{Kn) = 2. I 

The authors in [2] then obtained an upper bound {k + 1)^ for f{k)^ namely f{k) < 
{k + 1)^. In the following we will give a better upper bound for f{k). 

Let Ki[r] denote the complete ^-partite graph each part of which contains r elements. 
Let V = ljf=i where Vs = {ug i, Us,2, ■ ■ ■ , ^s,r} (1 is the vertex set of each 

part, and Uj = {uij, U2j, ■ ■ ■ , uij} (1 < j < r). 

We consider the graph G = i^^aj^j where i is an integer, and give G a 2-edge-coloring 
as follows: Let Vi = IJt=i '^{i-iy+t where 1 < i < i. We know that the subgraph, denoted 
by Gj, of G induced by Uj is the complete graph K12. Let Uj = Uij U ■ ■ ■ U Ugj where 
Uij = ■ ■ ■ , Uiij}. Then the subgraph, denoted by Gij, of G induced by Uij is 

the complete graph K£. Similar to the edge coloring in the proof of Theorem 12.11 in [2], 
we first give a 2-edge-coloring of each Gj {1 < j < r) as follows: We assign the edge uv of 
G the color 1 if either uv G E{Gij) for some i{l < i < i) or ii uv = U(^i-^^iy^t,j U{i2-i)i+t,j 
for some ii,i2,t with 1 < ii,i2,t < i and ii 7^ 22- All other edges of Gj are assigned the 
color 2. With a similar argument to Theorem 12.11 in [2], there are i — 1 disjoint rainbow 
u — V paths for any two vertices u, v in the subgraph Gj including 1 path of length 1 and 
i — 2 paths of length 2. 

For other edges, that is, the edges between distinct GjS, we use above two colors as 
follows: Let uv = Ui^j^Ui^j^ where Ui^j^ G Gj^.ui^j,^ G Gj^, we give it the color different 
from the color of edge Ui^^j^Ui^j^ of graph Gj^ or Ui-^j^Ui^j^ of graph Gj^ (since edges 
^jiji'^i2ji Uij^j^Ui^j^ have the same color by above coloring). 

Next we will count the number of disjoint rainbow u — v paths for any two vertices 
u,v of G with above edge coloring. Without loss of generality, let u = ui^i. We consider 
four cases: 

Case 1. V = Uij {2 < j < r), that is, u and v are in the same part. 

By above coloring, edges ui^iUgj and UgjUij have distinct colors where 2 < s < i"^, and 
so path ui,i,Usj,uij is a rainbow u — v path. Similarly, path ui^i, m^^i, is a rainbow 
u — V path for each 2 < s < l'^. And any two such rainbow paths are disjoint, and so 
there are at least 2(£^ — 1) disjoint rainbow u — v paths in G. 

Case 2. V = Us^i {2 < s < l"^), that is, u and v are in the same Gj (here j = 1). 

Then in subgraph Gi there are i—1 disjoint rainbow u — v paths, and in each subgraph 
Gj where {2 < j < r), there are i—2 disjoint rainbow Uij—Ugj paths of length 2 ui,j, y, u^j 
for some ys. Since the color of ui jy, yUgj is different from that of Ui^y, yus^i, respectively, 
paths ui^i, y, Us,i are £ — 2 disjoint rainbow paths in each Gj where (2 < j < r). So there 



are totally r{£ — 2) + 1 disjoint rainbow u — v paths in G. 

Case 3. v = Ug j^^ where 2 < s < £,2 < Jq < r, that is, u and v belong to the same Vi 
(here i = 1) but in distinct parts and subgraphs GjS. 

At first, the edge Ui^iUgj^ is a rainbow u — v path. 

Next we consider the monochromatic Ui^i — Ug^i path iti,i, y, its,i. Then each path 
1*1,1, y, Us,jo is a rainbow ui^i — UsJq path of length 2 where 2 < s < i,2 < jo < r. In Ui, 
we choose y — where 1 < i < £,2 < t < i and t s. So there are i{£ — 2) such 

paths. 

Similarly, there are £{£ — 2) disjoint monochromatic uij^ — Ugjo paths uijQ,y,UsjQ 
where y e Uj^ and we can obtain other £{£ — 2) disjoint rainbow u — v paths. 

Moreover, in each subgraph Gj where 2 < j < r and j ^ jo, there are £ — 2 disjoint 
rainbow — path t^ij, y, ■u^j of length 2. Since the color of liijy and yug^j is different 
from that of U\^\y and yUgjQ, respectively, paths y, ■u^jg are disjoint rainbow u — v 
paths. 

So the number of disjoint rainbow u — v paths in G is 1 + 2£{£ — 2) + (r — 2)(£ — 2) ~ 
l + (2£ + r-2)(£-2). 

Case 4^. V — where 2 < iq < £,1 < to < £,2 < jq < this is, v and u are 

in distinct ViS (here v is not in V\). 

Subcase 4.1. to = 1- 

Then edge uv is a rainbow path. In subgraph Gi, we find the monochromatic u — 
^(jg.i)^^!^! path -u, ?/, We choose any vertex of Ui \ U Ui^i} as y. Since 

the color of edge is different from that of yv, each path w, y, w is rainbow, and 

there are £'^ — 2£ disjoint rainbow u — v paths. 

Similarly, in subgraph Gj^^, we can find monochromatic paths Mijo, y, and 
get other £^ — 2£ disjoint rainbow u — v paths. 

In each subgraph Gj where j ^ l,io, we find the disjoint rainbow Ui^j — 
paths wij, I/, of length 2. Since the color of ui^y and yu(i^^-i)i+ij is different 

from that of ui^iy and respectively, there are £ — 2 disjoint rainbow u — v 

paths Mi,i,?/,M(io_i)^+i,i. 

So the number of disjoint rainbow u — v paths in G is 1 + 2£{£ — 2) + (r — 2) (£ — 2) = 
l + (2£ + r-2)(£-2). 

Subcase 4.2. to^l. 

Then, edge uv is a rainbow path. In subgraph Gi, we find the monochromatic u — 
M(io-iK+to,i path Let y = U{i^i)t+t,i where i ^ l^io.t ^ l,to or y = 

or ■U(io_i)^+i,i. Since the color of edge yu(if^-iy^to,i is different from that of yv, each path 



u, y, V is rainbow, and so there are {£ — 2){£ — 2)+2 disjoint rainbow u — v paths. 

Similarly, in subgraph Gjg, we can find monochromatic paths ^ijo) 2/) '"{jo-i)^+i,jo' 
get other {£ — 2){£ — 2) + 2 disjoint rainbow u — v paths. 

In each subgraph Gj where j ^ l,io5 we find the disjoint rainbow -uij — U{i^^_xY+tfi,j 
paths Uij, y, J of length 2. Since the color of ux^^y and yu{i^^_x)iJ^to,j is different 

from that of Ux^yy and yu(^ig^i)i+to,jo, respectively, there are i — 2 disjoint rainbow u — v 
paths Ui^i,y,U(ig-i)i+to,jo (here y G Gj where j ^ l,jo)- 

So the number of disjoint rainbow u — v paths in G is 5 + 2(£ — 2)(£ — 2) + (r — 2)(£ — 2) = 
5 + (2£ + r-6)(£-2). 

Weknowhere^> 2, andso5 + (2£ + r-6)(£-2) >r{£-2) + l. Clearly, l + (2£ + r- 
2){£ - 2) > r{£ - 2) + 1. Let 4 = [maxj-^f + 1, ^ + 2}]. We then have 2{il - 1) > k, 
r(£o — 2) + 1 > A;. So, our following theorem holds. 

Theorem 2.2 For every integer k >2, there exists an integer £q = [max{-y/ 1 + 1, + 
2}], such that if £ > £o, then rckiKp^j.]) = 2. I 

Next we will consider the case for general complete multipartite graph G = Ki^r] with 
equal part, where £ > £q. Let £i be the integer satisfying £\< £ < {£i + 1)^ where £i > £o. 
Then by our Theorem 12.21 we need to consider the case l<q = £ — £l< 2£i . Now G can 
be obtained from K(2^^-^ by adding q new parts Pi <i < q). Let the vertex set of each 
corresponding new part be V{Pi) = Vi^2, ■ ■ ■ i Vi^r} (1 < ^ < Q')- We now update Vi as 
follows: If 1 < g < £i, let the new Vi be the union of the old Vi and V{Pi); If £i < q < 2£i, 
let the new Vi be the union of the old Vi and V{Pi) U V{Pi-^+i) (if there exists) as shown 
in the Figure [2?T1 Similarly, we update Uj (1 < j < r) (also Gj, Uij, Gij) as shown in the 
Figure [2?T] (for example, the new Ui). 

Similar to the proof of Theorem 12.11 in [2j , we give the 2-edge-coloring of graph G 
as follows: For each Gj (1 < i < r), we assign the edge uv of G the color 1 if either 
uv G E{Gij) for some i {I < i < £i) or if uv = U(^i^^iy^+t,j M(i2-i)£i+t,i or uv = Vi^j Vi^j 
or uv = f^i+iij Vei+i2,j for some ii,i2,t with 1 < ii,i2,t < £i and ii ^ i^- AH other edges 
of Gj are assigned the color 2. 

For other edges, that is, edges between distinct GjS, we use above two colors as follows: 
If uv = Ui^j^ Ui^,j2 where Ui^j^ G Gj^, Ui^,j2 ^ ^32^ we give it the color different from that 
of edge tiiiji liia.ii of graph Gj^ or Ui^^^ ^i2j2 of graph Gj^ (since edges Ui^j^ ^i2,ji ^^^1 
^n,j2 '^i2,j2 have the same color by above coloring); Similarly, color the edge for the cases 
that uv = lijj j2j2 and uv = Vi^^^Vi^^j^. 

By the proof of our Theorem 12. 2[ there are at least k disjoint rainbow paths connecting 
any two vertices -u, v G V{G) \ IJLi We need to consider the paths between u,v 
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Figure 2.1 The figure of Tlieorem 12 .41 



where u G ULi ^(-^j) ^ ^ ^(G*)- Without loss of generahty, let u = fi i, and we 
consider four cases, which are similar to the four cases in the proof of our Theorem 12. 2[ 

Case 1. V E V{Pi), that is, u and v = vij^ "2 < jo < r are in the same part (here the 
part is Pi). 

G contains the disjoint rainbow u — v paths vi i,y, t'ljo, and we let y be the elements of 
Ui U UjQ \ {f 1,1, vi,jo}- So the number of these paths is at least 2il > 2il > 2(^q — 1) > k. 
Case 2. v E Ui, that is, v and u are in the same subgraph Gi, 

In Gi, there are at least ii — 1 rainbow u — v paths; In each Gj (2 < j < r) there are 
at least ^i — 2 rainbow u' — v' paths of length 2: ?/, v' where u' , v' is in the same part 
as -u, V, respectively, and we get at least £i — 2 rainbow u — v paths: m, y, f , where y G Gj 
{2<3<r). 

So the number of disjoint rainbow u — v paths is at least H-r(£i— 2) > l+r(£o — 2) > k. 
Case 3. v eVi but not in Ui U V{Pi). Without loss of generality, let v G 
Then, edge uv is a. u — v path. 
Subcase 3.1. v = t'/+i,jo- 

Then similar to Case 3 in the proof of of Theorem 12.21 we find the monochromatic 
u — vi+i^i path of length 2 in subgraph Gi and get at least if disjoint rainbow u — v paths. 
Similarly, there are other if disjoint rainbow u — v paths by finding the monochromatic 
vijg - ve+ijg paths in Gj^. 

In each Gj [j ^ Ijjo); similar to Case 3 in the proof of Theorem 12.21 we get at least 
^1 — 2 disjoint rainbow u — v paths of length 2 by finding rainbow wij — v^+ij paths in 
Gj. 

So the number of disjoint rainbow u — v paths is at least 1 + 2£^ + (r — 2)(^i — 2) > 
l + 2£i(4-2) + (r-2)(£i-2) = 1 + (2£i + r - 2)(£i - 2) > 1 + (2^ + r - 2)(£o - 2) > k. 
Subcase 3.2. v = "Usojo where 1 < Sq < £i,2 < Jq < r. 

With a similar procedure to Subcase 3.1, we can get at least 1 + 2ii{£i — 1) + (r — 
2){ii - 2) > 1 + {2ii + r - 2)(£i - 2) > 1 + (24 + r -2){io-2) > k rainbow disjoint u-v 
paths in graph G. 

Case 4. v is not in Vi and Ui, without loss of generality, let f G V2 \ t^i- We consider 
two subcases similar to Case 4 in the proof of Theorem 12.21 
Case 4.1. v = V2jo where 2 < jo < r. 

Similar to Subcase 4.1 in the proof of Theorem 12.21 we can get at least 1 + 2ii{£i — 
2) + (r - 2)(£i - 2) = 1 + (2£i + r - 2){ii - 2) > 1 + {2io + r- 2){io -2)>k disjoint 
rainbow u — v paths in G. 

Case 4.2. v 7^ f2,jo. 



Similar to Subcase 4.2 in the proof of Theorem 12.21 we can get at least 1 + 2{ii — 
l)(£i - 2) + (r - 2)(£i - 2) = 1 + (2£i + r - 4)(£i - 2) > 1 + r{i^ - 2) > 1 + r(£o -2)>k 
(since £i > 2) disjoint rainbow u — v paths in G. 

With above discussion, we have our following theorem: 

Theorem 2.3 For every integer k >2, there exists an integer £o = \max{^ f + + 
2}], such that if i > i^, then rCk{Kii^r]) = 2. I 

We now obtain a new graph G' from G by adding p new vertices: wi,W2,--- ,Wp 
(1 < p < r — 1) and edge vwj where 1 < j < p and v G V{G). Color the new edges as 
follows: Give color 2 to edges between Uj and wj, and color 1 to other edges. 

Now we count the number of rainbow disjoint u — v paths between any two vertices 
of G. We need to consider the case that u = Wj,v & V{G') (1 < j < p). Without loss of 
generality, let u = wi. 

Case 1. ve V{G). 

Subcase 1.1. v G Ui, without loss of generality, let v = Ui i. 

Then G contains the u — v path u^v as well as the u — v rainbow paths Wi^y,Ui^i 
where y eVi \ {iti,i, ■ ■ ■ ,Mi,r}, or y = ^(j^ij^^+i ,,(2 < i < < j < r). So the number 
of disjoint rainbow u — v paths is at least 1 + 2r{li — 1) > 1 + r(£o — 2)>k. 

Subcase 1.2. v is not in f/i, without loss of generality, let v = ui^2- 

Then G contains the u — v path u, v as well as the u — v rainbow paths wi, y, ui^2 where 
y e {UiU U2) \ U f/1,2 U {M(i_i)^,+ijJ-ii) where jo = 1,2, or y G {u(i-i)i^+ij^}%2 
where ji ^ 1,2, ot y = Ugj where 2 < s < £1, j 1, 2. So the number of disjoint rainbow 
u-i; paths is at least 1 + 2(£i - l)(£i - 1) + 2(£i - l)(r - 2) = 1 + (£1 - l)(2£i + 2r - 6) > 
l + {£i- 2){2£i + 2r - 6) > 1 + (4 - 2)r > A;(here we let r > 2). 

Case 2. V = Wj where j ^ 1. 

Then G contains the u — v rainbow paths wi,y, wj where ?/ G f/i U Uj. So the number 
of disjoint rainbow u — v paths is at least 2£l > 2£l > 2{£l - 1) > k. 

If r = 1, then G' = G is complete, so by Theorem 12. II of ^ and above discussion, we 
have the following theorem: 

Theorem 2.4 Let G be a complete {£ + l)-partite graph with £ parts of size r > 1 and 
a part of size p where 1 < p < r. Then for every integer k > 2, if £ > where 
£0 = [maxj-^l + 1, ^ + 2}] , then rCfc(G) = 2. I 

We know that the graph in Theorem 12.41 is a spanning subgraph of the complete Kn 
with n = £r + p and £ > £q. Now we let r = ro = ["\/2A;] , and G be the complete graph Kn 
with n > £lrQ. Then, since n = £zrQ+p where ^3 > — P < '"Oj by Theorem 12. 41 we have 



rc,(G) =2, here4= rmax{y|Tl,^ + 2}l = [max{y'^, ^ + 2}] = + 2. 
Thus we have 

Corollary 2.5 For every integer k > 2, let integer f{k) = i^VQ. If n > f{k), then 

rck{Kn) = 2, where 4 = + 2 and tq = [v^] . I 

From Corollary 12.51 we know that for the integer f{k), we have that f{k) < cki + C 
where < c < 1 is a constant and C = o{ki), and this upper bound is a considerable 
improvement of the bound given in Theorem 12.11 of [2j • 
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